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We prove that every graph of minimum degree at least r and girth at least 186
contains a subdivision of Krþ1 and that for r5435 a girth of at least 15 sufﬁces. This
implies that the conjecture of Haj !os that every graph of chromatic number at least r
contains a subdivision of Kr (which is false in general) is true for graphs of girth at
least 186 (or 15 if r5436). More generally, we show that for every graph H of
maximum degree DðH Þ52; every graph G of minimum degree at least maxfDðH Þ; 3g
and girth at least 166 log jH j
log DðH Þ contains a subdivision of H : This bound on the girth of G
is best possible up to the value of the constant and improves a result of Mader, who
gave a bound linear in jH j: # 2002 Elsevier Science (USA)
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conjecture.1. INTRODUCTION
A subdivision TG of a graph G is a graph obtained from G by replacing the
edges of G with internally disjoint paths. A classical result of Mader (see e.g.
[5]) states that for every r there exists a smallest number dðrÞ such that every
graph G of minimum degree larger than dðrÞ has a topological Kr minor, i.e.
contains a subdivision of the complete graph Kr on r vertices. Jung [8]
observed that the complete bipartite graph Ks;s with s ¼ br2=8c shows that
dðrÞ5br2=8c; and Bollob!as and Thomason [3] as well as Koml !os and
Szemer!edi [10] independently proved that r2 is the correct order of
magnitude for dðrÞ: Recently, Mader [15] showed that if we restrict our
attention to graphs G of large girth, then a minimum degree of at least r364
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TOPOLOGICAL MINORS IN GRAPHS OF LARGE GIRTH 365already guarantees the existence of a subdivision of Krþ1 in G: (The girth
gðGÞ of a graph G is the length of the shortest cycle in G:) His bound on the
girth required is linear in r; and in [16] he asked whether a girth of at least
ﬁve might even sufﬁce (for all r). Here, we show that a large but constant
girth sufﬁces:
Theorem 1. Let r 2 N: Then every graph G of minimum degree at least r
and girth at least 186 contains a subdivision of Krþ1:
For large r; we can signiﬁcantly reduce the bound on the required
girth:
Theorem 2. Let r 2 N with r5435: Then every graph G of minimum
degree at least r and girth at least 15 contains a subdivision of Krþ1:
In [14] we show that a girth of at least ﬁve ‘nearly’ sufﬁces: every C4-free
graph of minimum degree at least r contains a subdivision of a complete
graph of order r1oð1Þ: Also, a result of [11] states that if we only seek an
ordinary Krþ1 minor instead of a topological one, then a girth of at least ﬁve
does sufﬁce for large enough r: In fact in [12], we prove the following
stronger result: every Ks;s-free graph of average degree at least r contains a
complete graph of order r1þ1=2ðs1Þoð1Þ as minor. (See [11] for a more precise
bound in the case s ¼ 2:)
Returning to topological minors, a well-known conjecture of Haj !os (see
e.g. [7]) states that every graph of chromatic number at least r contains a
subdivision of Kr: This conjecture was disproved by Catlin [4], and Erd +os
and Fajtlowicz [6] proved that it fails even for almost all graphs. On the
other hand, since every graph of chromatic number at least r has a subgraph
of minimum degree at least r  1; Theorem 1 shows that the conjecture does
hold for all graphs of sufﬁciently large girth:
Corollary 3. Let r 2 N: Then every graph of chromatic number at least
r and girth at least 186 contains a subdivision of Kr: If r5436 then a girth of at
least 15 suffices.
Mader [15] also extended his results about subdivisions of complete
graphs to subdivisions of arbitrary graphs. He proved that for every graph
H there exists a smallest number f ðH Þ such that every graph G of minimum
degree at least maxfDðH Þ; 3g and girth at least f ðH Þ contains a subdivision
of H ; and he showed that f ðH Þ is at most linear in jH j: Our next result gives
a much better bound on f ðH Þ:
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graph G of minimum degree at least maxfDðH Þ; 3g and girth at least
166
log jH j
log DðH Þ
contains a subdivision of H :
In Proposition 12, we show that for every graph H this bound on the girth
is best possible up to the value of the constant 166. The following
reformulation of Theorem 4 shows that for any family of graphs whose
maximum degree is at least polynomial in the number of vertices, large but
constant girth (and the appropriate minimum degree) sufﬁces to force a
subdivision of any graph in this family:
Corollary 5. Let e > 0 and let H be a graph satisfying DðH Þ5max
fjH je; 2g: Then every graph G of minimum degree at least maxfDðH Þ; 3g and
girth at least 166=e contains a subdivision of H :
In [13] we prove the following analogue of Theorem 4 for graphs G of
large average degree: There exists a constant c such that for all e > 0 there is
an integer r ¼ rðeÞ such that for every graph H with DðH Þ5r every graph G
of average degree at least DðH Þ  1þ e and girth at least c log jH j=log DðH Þ
contains a subdivision of H : The proof is based on that of a related result of
Mader [17] which does not require DðH Þ to be large at the expense of a
bound on the girth which is at least linear in jH j and also depends on e:
An important tool in our proofs will be a result of Bollob!as and
Thomason [2] that every 22c-connected graph G is c-linked (see Section 2 for
the deﬁnition of c-linked). As is well known, the graph obtained from K3c1
by deleting c independent edges shows that it is not possible to replace the
function 22c by anything smaller than 3c 2: On the other hand, Mader
used the result that every 2c-connected graph which contains a subdivision
of K2c;2c is c-linked [15, Lemma 1] to show that a connectivity of at least 2c
sufﬁces if G has sufﬁciently large girth [15, Corollary 1]. His bound on the
girth required is linear in c: Furthermore, he proved that for c52 one
cannot replace 2c by 2c 1: Theorem 4 with H :¼ K2c;2c combined with
Mader [15, Lemma 1] immediately implies a bound on the girth which is
independent of c:
Corollary 6. Let c 2 N: Then every 2c-connected graph G of girth at
least 250 is c-linked.
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observed independently of us by Kawarabayashi [9] and Thomason [18]. In
[12] we show that if c is large enough compared to s; then even every 2c-
connected Ks;s-free graph is c-linked. Corollary 6 combined with the
argument in the proof of Mader [15, Theorem 3] implies the following result.
Corollary 7. Every 2ðr
2
Þ-connected graph G of girth at least 250 contains
a topological Kr minor with prescribed branch vertices.
For general graphs G the best-known asymptotic bound on the
connectivity of G that guarantees a topological Kr minor with prescribed
branch vertices is 11r2 [2, Corollary 1].
This paper is organized as follows. In the next section, we give a rough
outline of the strategy of our proofs. We also introduce the necessary
deﬁnitions and collect several tools which we will need later on. In Section 3,
we prove Theorems 1 and 4. In Section 4, we then prove Theorem 2 using
more involved arguments.
2. STRATEGY OF THE PROOF AND PRELIMINARIES
The strategy of the proof of our main results is as follows. Given a graph
G of large girth and minimum degree r; it is easy to see that we can partition
the vertices of G into rooted induced subtrees of G so that (amongst others)
the roots of the trees have degree at least r and each tree sends many edges
to many other trees (see Deﬁnition 10 and Proposition 11). Thus, if we
contract each of these trees, the resulting graph G0 has large minimum
degree. Suppose now that in G we are seeking a subdivision TH of our given
graph H of maximum degree at most r: A ﬁrst attempt to ﬁnd it might be as
follows. G0 contains a highly connected subgraph. This subgraph is highly
linked (Theorem 8) and hence contains a subdivision TH which corresponds
to an ordinary minor of H in G; but unfortunately not necessarily to a
topological one.
To deal with this, we choose our highly linked substructure of G0 more
carefully. We consider a set A of vertices of G0 together with their neighbours
B having the property that the graph Gn obtained from G0½A[ B by
contracting an independent set E of A–B edges is highly connected (Lemma
9). We then ﬁnd jH j disjoint stars in G0½A[ B (with centres in A) which
correspond both to disjoint stars in Gn as well as subdivided stars in G: As
Gn is highly linked, we can link the leaves of the stars to obtain a subdivision
of H in Gn: Since each star in Gn corresponds to a subdivided star in G; this
subdivision of H in Gn will then correspond to one in G:
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[15]. The improvements we obtain are mainly due to a different construction
of the stars in G0½A[ B and a more careful analysis of the properties of the
rooted trees that partition the vertices of G:
We will now collect some deﬁnitions and results which we will need later.
All logarithms in this paper are base e, where e denotes the Euler number.
We denote the maximum degree of a graph G by DðGÞ and its minimum
degree by dðGÞ: If TG is a subdivision of a graph G; then the branch vertices
of TG are all those vertices that correspond to vertices of G: We say that G is
a topological minor of a graph H if H contains a subdivision of G as a
subgraph. An r-star is a star with r leaves. Given a set A of vertices of a
graph G; we write NGðAÞ for the set of all those neighbours of vertices in A
that lie outside A: Given c 2 N; we say that a graph G is c-linked if jGj52c
and for every 2c distinct vertices x1; . . . ; xc and y1; . . . ; yc of G there exist
disjoint paths P1; . . . ; Pc such that Pi joins xi to yi: So every c-linked graph is
c-connected. In the proof of Theorem 2 we will use the simple fact that if G
is c-linked then such paths P1; . . . ; Pc also exist when we allow xi ¼ yi for
some indices i4c: (Pi will then be trivial for each such i:)
An important tool in our proofs is the following theorem of Bollob!as and
Thomason [3].
Theorem 8. Let c 2 N: Then every 22c-connected graph is c-linked.
The following lemma is essentially due to Mader [15], who proved a
slightly stronger result for triangle-free graphs. As the proof is short, we
include it here for completeness. The ‘moreover’ part of Lemma 9 will only
be used in [13].
Lemma 9. Let c51 be an integer and let G be a graph of minimum degree
at least 2c: Then there exist disjoint sets A;B  V ðGÞ and a set E of jBj
independent A–B edges such that jAj > c; jBj5c; NGðAÞ  B and so that the
graph Gn obtained from G½A[ B by contracting the edges in E is dc=3e-
connected. Moreover, every vertex in B has at least two neighbours in A.
Proof. Choose A  V ðGÞ minimal such that A is non-empty and
jNGðAÞj5c; and let B :¼ NGðAÞ: Clearly jAj > c and every vertex in B has at
least two neighbours in A: Moreover, note that there exists a set E of jBj
independent A–B edges in G: Indeed, if not then by Menger’s theorem there
is a set S of less than jBj vertices in A[ B separating A from B in G½A[ B:
But then A=S is a non-empty proper subset of A and jNGðA=SÞj4jSj5jBj5c;
contradicting the choice of A:
Let us now show that the graph Gn obtained from G½A[ B by
contracting the edges in E is dc=3e-connected. Let S be a separator of Gn:
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be a component of Gn  S with jV ðCnÞ \ Enj4jEn  Sj=2: Let C  V ðGÞ be
the set of all those vertices in A whose images in Gn belong to Cn: Then
jNGðCÞj4jSj þ jEn \ Sj þ jV ðCnÞ \ Enj4jSj þ jEn \ Sj þ jEn  Sj=2
¼ jSj þ jEn \ Sj=2þ jEnj=243jSj=2þ c=2:
On the other hand, since C is a non-empty proper subset of A; we have
jNGðCÞj5c and therefore jSj5c=3; as required. ]
Given two vertices x and y of a graph G; the length of the shortest x–y
path in G is called the distance of x and y and denoted by dGðx; yÞ (here the
length of a path is the number of its edges). The ‘-ball around a vertex x of a
graph G is the subgraph of G induced by all vertices in G of distance at most
‘ from x (including x itself). We denote this subgraph by B‘GðxÞ: A set X of
vertices of a graph G is ‘-independent if the vertices in X have pairwise
distance at least ‘ þ 1 from each other. So the 1-independent subsets of V ðGÞ
are precisely the sets of independent vertices.
We say that a graph G is partitioned into trees T1; . . . ; Tk if the Ti are
disjoint induced subtrees of G and V ðGÞ ¼ V ðT1Þ [    [ V ðTkÞ: We often
denote by Tx a tree with root x:
Definition 10. Given ‘ 2 N and a set X of vertices of a graph G; a
family ðTxÞx2X of rooted subtrees of G is called a family of ‘-trees assigned to
X if it satisﬁes the following properties for all x 2 X :
(i) G is partitioned into Tx; x 2 X :
(ii) In Tx every vertex has distance at most 2‘ from x:
(iii) B‘GðxÞ is a (rooted) subtree of Tx: In particular, Tx has at least
dðGÞðdðGÞ  1Þ‘1 leaves and therefore it sends at least dðGÞðdðGÞ  1Þ‘ edges
to vertices outside Tx:
Proposition 11. Let ‘51 be an integer and let X be a maximal 2‘-
independent set of vertices of a graph G. If the girth of G is at least 4‘ þ 2; then
there exists a family of ‘-trees assigned to X.
Proof. Since gðGÞ52‘ þ 2; for every x 2 X the ‘-ball B‘GðxÞ is a tree. Since
X is 2‘-independent, these trees are disjoint for different x 2 X : Extend these
trees to connected subgraphs Tx ðx 2 X Þ by adding ﬁrst every vertex of
distance ‘ þ 1 from X to one of the trees to which it is adjacent, then adding
all vertices of distance ‘ þ 2 from X to one of the subgraphs constructed in
the previous step to which it is adjacent, etc. By the choice of X ; each vertex
of G has distance at most 2‘ from X : Thus, for every x 2 X ; each vertex in Tx
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subtree of G: So ðTxÞx2X is a family of ‘-trees assigned to X : ]
3. SUBDIVISIONS OF ARBITRARY GRAPHS
Let us ﬁrst observe that Theorem 4 is best possible up to the value of the
constant:
Proposition 12. Let H be a graph of maximum degree DðH Þ52 and put
g :¼
log jH j
log DðH Þ
 
:
Then either g42 or there exists a graph G with minimum degree at least
maxfDðH Þ; 3g and girth at least g which does not contain a subdivision of H :
Note that if g42 and if there is any graph G with dðGÞ5maxfDðH Þ; 3g
which does not contain a subdivision of H ; then we also cannot replace the
constant 166 in Theorem 4 by anything less than one. (The example where H
is a star shows that such a graph G need not exist.)
Proposition 12 is an immediate consequence of the following upper bound
on the minimum order of a graph of large girth and large minimum degree
which is due to Sauer (who proved a slightly sharper bound), for a proof see
[1, Chap. III, Theorem 1.4].
Theorem 13. Let k53 and g53 be integers. Then there exists a graph G
of order less than ðk  1Þg whose minimum degree is at least k and whose girth
is at least g.
Proof of Proposition 12. Suppose that g53 and let k :¼ DðH Þ þ 1: Apply
Theorem 13 to obtain a graph G as described there. Then
jGj5ðk  1Þg4exp
logðk  1Þ log jH j
log DðH Þ
 
¼ jH j:
So G cannot contain a subdivision of H : ]
Given two vertices v and w of a rooted tree Tx; we say that v lies above w if
w lies on the path in Tx joining v to the root x of Tx: We denote by brTx ðwÞ the
subtree of Tx induced by all its vertices above w (including w itself).
Instead of proving Theorems 1 and 4 directly, we will derive them from
the following slightly stronger result.
TOPOLOGICAL MINORS IN GRAPHS OF LARGE GIRTH 371Theorem 14. Given a graph H ; put r :¼ maxfDðH Þ; 3g and let ‘52 be an
integer satisfying
rðr  lÞ‘56  ð22eðH Þ þ jH jÞ: ð1Þ
Then every graph G of minimum degree at least r and girth at least 20‘ þ 6
contains a subdivision of H :
Proof. Put h :¼ jH j; m :¼ eðH Þ and c :¼ 3  ð22mþ hÞ: Let X be a
maximal 2‘-independent subset of V ðGÞ: Since gðGÞ54‘ þ 2; we may apply
Proposition 11 to obtain a family ðTxÞx2X of ‘-trees assigned to X : Let G
0 be
the graph obtained from G by contracting each Tx: For each x 2 X ; we
denote by x0 the vertex of G0 corresponding to the (contracted) tree Tx: Note
that condition (ii) of Deﬁnition 10 implies that
gðG0Þ5
gðGÞ
4‘ þ 1
> 5:
In particular, G0 does not contain multiple edges, i.e. each pair of distinct Tx
is joined by at most one edge in G: Together with condition (iii) of Deﬁnition
10 this implies that
dðG0Þ5rðr  1Þ‘5
ð1Þ
2c: ð2Þ
Apply Lemma 9 to G0 to obtain sets A;B  V ðG0Þ and a set E of jBj edges as
described there. So in particular, NG0 ðaÞ  A[ B for all a 2 A and jBj5c:
Together with (2) this implies that G0½A contains a star S with h leaves,
x01; . . . ; x
0
h say. Let x
0
0 be the centre of S and let u1; . . . ; uh be an enumeration
of the vertices of H : Let di be the degree of ui in H : We claim that for all
i ¼ 1; . . . ; h there is a di-star S0i in G
0  x00 whose centre is x
0
i and which
satisﬁes the following two properties:
(a) No edge of S0i belongs to E;
(b) Txi contains a subdivided di-star Si with centre xi and leaves
vi1; . . . ; vidi such that for each vij there exists a leaf x
0
ij of S
0
i such that vij sends
an edge to Txij and x
0
ij=x
0
ik for all j=k:
Before proving the existence of such stars S0i ; let us explain why they are
useful. Our aim is to show that G contains a subdivision of H in which xi is
the branch vertex corresponding to ui: The subdivided edge corresponding
to an edge uiuj of H will consist of a path in Si joining xi to some vis; a path
in Sj joining xj to some vjt and a suitable vis–vjt path Pij in G: How can we
ﬁnd disjoint such paths Pij? By our choice of A; B and E; the graph Gn
KU¨HN AND OSTHUS372obtained from G0½A[ B by contracting the edges in E is highly connected.
Moreover, our deﬁnition of the stars S0i will imply that all the x
0
i and all the
x0ij correspond to distinct vertices in G
n: So in Gn we may suitably link the
leaves of the S0i to obtain a subdivision of H : If P
n
ij is the path in G
n obtained
in this way that joins the leaf x0is of S
0
i to the leaf x
0
jt of S
0
j; then (since vis is
adjacent to Txis and vjt is adjacent to Tjt by (b)) this path will correspond to a
path Pij  G with the desired properties.
So let us now show that such stars S0i exist. First note that by condition
(iii) of Deﬁnition 10 each xi has r5di neighbours in Txi and, for each of these
neighbours wij; the subtree brTxi ðwijÞ has at least ðr  1Þ
‘15r  152 leaves.
Since no two of them send an edge to the same Tx; there must be a leaf vij of
brTxi ðwijÞ which sends no edge to Tx0 : Moreover, since Txi is an induced
subtree of G; vij sends at least r  152 edges to vertices outside Txi ; i.e. to
(distinct) other trees Tx and at most one of these edges can correspond to an
edge in E (since the edges in E are independent). Thus vij must be incident to
some tree Txij=Tx0 with x
0
ix
0
ij =2 E: Since G has at most one edge joining a pair
of distinct Tx; the xij are distinct for different neighbours wij of xi and so we
can take for S0i the di-star in G
0  x00 whose centre is x
0
i and whose leaves are
x0i1; . . . ; x
0
idi :
As all neighbours of x0i in G
0 lie in A[ B; the S0i are di-stars in G
0½A[ B:
Moreover, since gðG0Þ56; the x0i have distance at least four in G
0  x00: Thus
no edge in E joins vertices belonging to distinct S0i and, since G
0 is triangle-
free, no edge in E joins two leaves of the same S0i : Let G
n be the graph
obtained from G0½A[ B by contracting the edges in E: Then (a) together
with the above two properties implies that each S0i is still a di-star in G
n and
that all these stars are disjoint in Gn: As Gn is dc=3e-connected, Gn 
fx01; . . . ; x
0
hg is 22m-connected and thus by Theorem 8 it is m-linked. So for
every edge uiuj 2 H we can ﬁnd a path P nij in G
n  fx01; . . . ; x
0
hg joining some
leaf x0is of S
0
i to some leaf x
0
jt of S
0
j such that all these paths are pairwise
disjoint. This gives a subdivision of H in Gn with branch vertices x01; . . . ; x
0
h:
As P nij corresponds to an x
0
is–x
0
jt path P
0
ij in G
0; this subdivision corresponds to
a subdivision of H in G0: But as indicated above, (b) implies that the latter
subdivision corresponds to a subdivision of H in G with branch vertices
x1; . . . ; xh: Indeed, we only have to replace each S0i with the subdivided star
obtained from Si by adding a vij  Txij edge eij for every j ¼ 1; . . . ; di and
replace each path P 0ij joining a leaf x
0
is of S
0
i to a leaf x
0
jt of S
0
j with some path
Pij that contracts to P 0ij and joins the endvertex of eis in Txis to the endvertex
of ejt in Txjt (Fig. 1). ]
Let us now derive Theorems 1 and 4 from Theorem 14.
Proof of Theorem 1. Clearly, we may assume that r53: Setting ‘ :¼ 9 we
have gðGÞ520‘ þ 6: So Theorem 1 follows from Theorem 14 once we have
FIG. 1. Replacing the path P 0ij in G
0 by a path Pij in G:
TOPOLOGICAL MINORS IN GRAPHS OF LARGE GIRTH 373checked that (1) holds with ‘ ¼ 9: But this is the case since
6  ð22eðKrþ1Þ þ r þ 1Þ46  12rðr þ 1Þ42  6  12rðr  1Þ
428rðr  1Þ4rðr  1Þ‘: ]
Note that the calculation in the proof of Theorem 1 immediately shows
that for r575 we can take ‘ :¼ 2 (as in that case 6  12ðr þ 1Þ4ðr  1Þ2) and
thus girth at least 46 sufﬁces.
Proof of Theorem 4. We may assume that jH j54 since otherwise H is a
path or a cycle on three vertices and the theorem holds. Let h :¼ jH j; D :¼
DðH Þ; r :¼ maxfD; 3g and ‘ :¼ b8 log h=log Dc: Since log h=log D51; this
means that ‘52 and
gðGÞ520  8 log h=log Dþ 6520‘ þ 6:
So again Theorem 4 will follow from Theorem 14 once we have checked that
(1) holds. For this, ﬁrst note that (using eðH Þ4ðh
2
Þ and then that h54) we
have
6  ð22eðH Þ þ hÞ46  11  h2443:03h24h5:03:
On the other hand,
rðr  1Þ‘5ðr  1Þ‘þ15h8 logðr1Þ=log D5h8 log 2=log 35h5:04:
Thus (1) follows. ]
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Recall that in the proof of Theorem 14 the girth of G was large enough to
guarantee that G could be partitioned into trees so that the graph G0
obtained from G by contracting these trees still had girth at least six. We
used this to show that G0 has large minimum degree and also to construct
the stars S0i whose centres became the branch vertices of the subdivision of H
in G0: The following lemma will help us to carry out these two steps even
though in the proof of Theorem 2 the requirement on the girth of G is
weakened to such an extent that we may have multiple edges between the
trees.
For the proof of the lemma we need one further deﬁnition. Given k 2 N
and a vertex w of a rooted tree Tx; we call each vertex above w that has
distance k from w in Tx a k-successor of w in Tx: A 1-successor of w is also
called a successor of w:
Lemma 15. Let r560 and let G be a graph of minimum degree at least r
and girth at least 15. Let X be a maximal 4-independent subset of V ðGÞ and let
ðTxÞx2X be a family of 2-trees assigned to X. Let x 2 X and let x1; . . . ; xr be a
choice of r distinct neighbours of x in Tx: Then for every i ¼ 1; . . . ; r there
exists a set Yi  X =fxg satisfying the following conditions:
(i) jYij5ðr  1Þ
2=6:
(ii) Yi \ Yj ¼ | for all j=i:
(iii) For every y 2 Yi there is an edge in G joining Ty to a vertex in
brTx ðxiÞ:
Proof. Recall from Deﬁnition 10 that B2GðxÞ is a rooted subtree of Tx and
that each vertex of Tx has distance at most four from x in Tx: Let T 0x be a
rooted subtree of Tx (with root x) in which x1; . . . ; xr are the successors of x;
every other vertex of T 0x has at most r  1 successors and which is maximal
with these properties. So each xi has precisely r  1 successors. Let Ai be the
set of all these r  1 successors of xi in T 0x:
For all i ¼ 1; . . . ; r; we will now assign a set Yi to xi such that these sets Yi
satisfy conditions (i)–(iii). To do this, we will distinguish several cases
according to the structure of brT 0x ðxiÞ: Let A
n
i be the set of all those vertices in
Ai that have at least ðr  1Þ=2 successors in T 0x: Let I
n be the set of all those
indices i 2 f1; . . . ; rg for which jAni j52jAij=3 ¼ 2ðr  1Þ=3 and put I :¼ f1;
. . . ; rg=In: We will ﬁrst deﬁne the sets Yi for all i 2 I :
Case 1: i 2 I :
Since dðGÞ5r; the choice of T 0x implies that each vertex in Ai=A
n
i sends at
least r  1 ðr  1Þ=2 ¼ ðr  1Þ=2 edges to vertices outside Tx: Let Ei denote
the set of all edges of G joining some vertex in Ai to some vertex outside Tx
FIG. 2. Illustrating Cases 1 and 2.1 of Lemmas 15.
TOPOLOGICAL MINORS IN GRAPHS OF LARGE GIRTH 375and let Y 0i be the set of all those vertices y 2 X =fxg for which Ty contains an
endvertex of some edge in Ei (Fig. 2). Since each such endvertex has distance
two from xi and since gðGÞ513; no two edges of Ei are incident to the same
tree Ty with y 2 X =fxg: Thus jY 0i j ¼ jEij5jAi=A
n
i jðr  1Þ=25ðr  1Þ
2=6:
Moreover, note that for distinct i; j 2 I the sets Y 0i ; Y
0
j are disjoint. Indeed,
since gðGÞ515 and since each vertex in Ai (respectively, Aj) has distance two
from x; it follows that no edges e 2 Ei and e0 2 Ej are incident to the same
tree Ty with y 2 X =fxg: For each i 2 I ; let Yi be any set of dðr  1Þ
2=6e vertices
in Y 0i :
Case 2: i 2 In:
For all indices i 2 In; we shall now deﬁne a set Y 0i of at least rdðr  1Þ
2=6e
vertices which satisﬁes condition (iii). The surplus in the size of the Y 0i will
give us enough room to ensure that we can then ﬁnd sets Yi  Y 0i also
satisfying (i) and (ii).
Case 2.1: There exists a vertex v 2 Ani for which the number of 2-successors
in T 0x is at least ðr  1Þ
2=5:
As the distance from x in Tx of each such 2-successor w of v is four and
thus each w is a leaf of Tx; w sends at least r  1 edges to vertices outside Tx:
Let Ev be the set of all edges of G joining a 2-successor of v to a vertex
outside Tx: So jEvj5ðr  1Þ
3=5: Since each 2-successor of v has distance two
from v and gðGÞ515; it follows that each tree Ty ðy 2 X =fxgÞ is incident to at
KU¨HN AND OSTHUS376most one edge in Ev: Let Y 0i be the set of all y 2 X =fxg for which Ty is
incident to an edge in Ev: Then jY 0i j ¼ Evj5ðr  1Þ
3=55rdðr  1Þ2=6e (the
latter inequality holds since r560).
Case 2.2: For every vertex in Ani the number of 2-successors in T
0
x is less
than ðr  1Þ2=5:
Consider any vertex v 2 Ani : Since v has at least ðr  1Þ=2 successors in T
0
x
and since r560; there are at least ðr  1Þ2=2 ðr  1Þ2=55rððr  1Þ=4þ 1Þ
edges of G joining a successor of v to a vertex outside Tx: Let Ei be the set
consisting of all these edges for all v 2 Ani : We take Y
0
i to be the set of all
those vertices y 2 X =fxg for which Ty contains an endvertex of an edge in Ei:
Since each such endvertex has distance at most three from xi and since
gðGÞ515; no two edges in Ei are incident to the same tree Ty with y 2 X =fxg:
Thus
jY 0i j ¼ jEij5jA
n
i jrððr  1Þ=4þ 1Þ5
2
3
ðr  1Þrððr  1Þ=4þ 1Þ5rdðr  1Þ2=6e:
For all i 2 In in turn, we choose a set Yi of dðr  1Þ
2=6e vertices in Y 0i such that
Yi \ Yj ¼ | for all j 2 I and all j 2 In with j5i: Then the sets Y1; . . . ; Yr are as
desired. ]
Proof of Theorem 2. Let c :¼ 3ð22ðrþ1
2
Þ þ r þ 1Þ and let X be a maximal
4-independent subset of V ðGÞ: Since gðGÞ510 we may apply Proposition 11
to obtain a family ðTxÞx2X of rooted 2-trees assigned to X : Let G
0 be the graph
obtained from G by contracting each Tx (and deleting multiple edges). For
every x 2 X we denote the vertex of G0 corresponding to the (contracted) tree
Tx by x0: Lemma 15 together with the fact that r5435 implies that the
minimum degree of G0 is at least rðr  1Þ2=656  12rðr þ 1Þ52c: (Indeed, let
x 2 X and let x1; . . . ; xr be distinct successors of x in Tx: Apply Lemma 15 to
obtain sets Y1; . . . ; Yr: Then every vertex in
Sr
i¼1 Yi is a neighbour of x
0 in G0:)
Apply Lemma 9 to G0 to obtain A;B  V ðG0Þ and E  EðG0Þ as described
there. So in particular, E is independent.
We will now inductively construct r-stars S00; . . . ; S
0
r in G
0 satisfying
conditions (a)–(g) stated below. Conditions (a)–(e) ensure that in the graph
Gn obtained from G0½A[ B by contracting the edges in E each S0i is still an r-
star and that in Gn these stars have distinct centres and meet pairwise in at
most one leaf, and furthermore that every leaf lies in at most two stars. Since
our choice of A; B and E implies that Gn is highly connected, we may link the
leaves of these stars to obtain a subdivision of Krþ1 in Gn whose branch
vertices are the centres of the stars. Condition (f) is a technical condition
which we need to carry out the induction step. Condition (g) ensures that
each S0i corresponds to a subdivided star Si in G and therefore the
subdivision of Krþ1 in Gn will correspond to one in G:
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0
i lies in A and does not lie in another star S
0
j ðj=iÞ:
(b) No edge in E joins two vertices of S0i :
(c) No edge in E joins the centre of S0i to a vertex of another star
S0j ðj=iÞ:
(d) No vertex x0 2 G0 lies in more than two S0i and if x
0 lies in two such
stars (and thus x0 is a leaf of both of them) then no edge in E joins x0 to a
third star.
(e) If j=i then S0i and S
0
j have at most one leaf in common. Moreover,
at most one edge in E joins a leaf of S0i to a leaf of S
0
j and if this happens, then
S0i and S
0
j are disjoint.
(f) There are at most 15 indices j5i for which there is either an edge in
E joining S0i to S
0
j or for which S
0
i \ S
0
j=|:
(g) Txi contains a subdivided r-star Si with centre xi and leaves vi1; . . .
; vir such that for each vij there exists a leaf y0ij of S
0
i such that vij sends an
edge to Tyij and y
0
ij=y
0
ik for all j=k:
So let us inductively deﬁne r-stars S00; . . . ; S
0
r satisfying conditions (a)–(g)
for all i ¼ 0; . . . ; r: For the centre of S00 we take any vertex x
0
0 in A: Let
x01; . . . ; x0r be distinct successors of x0 in Tx0 and apply Lemma 15 to obtain
disjoint sets Y01; . . . ; Y0r: Thus each Y0i consists of neighbours of x00 in G
0: For
all i ¼ 1; . . . ; r in turn choose a vertex y00i 2 Y0i such that x
0
0y
0
0i =2 E and
y00jy
0
0i =2 E for all j5i: This can be done since the edges in E are independent
and jY0ij5ðr  1Þ
2=65r þ 2: Let S00 be the r-star in G
0 whose centre is x00 and
whose leaves are y001; . . . ; y
0
0r: Then S
0
0 satisﬁes condition (b). Moreover,
Lemma 15(iii) implies that G contains an edge joining brTx0 ðx0iÞ to Ty0i ; and
so S00 also satisﬁes condition (g) (and thus conditions (a)–(g)).
Suppose that 14k4r and that we have already constructed stars
S00; . . . ; S
0
k1 satisfying conditions (a)–(g). Let Xk  X be the set of all
vertices belonging to S0‘ for some ‘5k together with the set of endvertices of
all those edges in E that are incident to a vertex of S0‘ for some ‘5k: Thus, by
Lemma 9,
jXk j42kðr þ 1Þ42rðr þ 1Þ5c5jAj: ð3Þ
As centre of S0k we choose any vertex x
0
k in A=Xk : Let xk1; . . . ; xkr be r distinct
successors of xk in Txk and apply Lemma 15 to obtain sets Yk1; . . . ; Ykr: As
leaves of S0k we will now successively choose one vertex in each Yki: When
choosing the ﬁrst leaf y0k1 in Yk1 we have to avoid a certain set of vertices in
Yk1 in order to ensure that our new star S0k satisﬁes conditions (a)–(d). The
subset of V ðG0Þ which is forbidden by these conditions is precisely the set X 0k
that consists of ﬁrstly all the centres of S0‘ for ‘5k; secondly all those vertices
that send an edge in E to the centre of S0‘ for some ‘4k (where the centre of
‘S0k’ is x
0
kÞ; thirdly all the leaves belonging to two stars S
0
‘; S
0
‘0 for some
KU¨HN AND OSTHUS378‘5‘05k together with all those vertices that send an edge in E to such a leaf,
and ﬁnally of the endvertices of all those edges in E that join S0‘ to another
star S0‘0 for some ‘5‘
05k: Condition (f) for S00; . . . ; S
0
k1 shows that the
number of pairs ‘; ‘0 with ‘5‘05k occurring either in the third or the ﬁnal
type of forbidden vertices is at most 15k: Together with condition (e) this
implies that
jX 0k j4k þ k þ 1þ 2  15k433r5jYk1j: ð4Þ
Let y0k1 be any vertex in Yk1=X
0
k which lies outside Xk whenever this is
possible. As X 0k =Xk is either empty or a singleton (in the latter case X
0
k =Xk
consists of the unique vertex of G0 sending an edge in E to x0k) it follows that
y0k1 =2 Xk whenever jYk1=Xk j52:
Now suppose that 15‘4r and that y0k1 2 Yk1; . . . ; y
0
kð‘1Þ 2 Ykð‘1Þ have
already been deﬁned so that y0ki =2 Xk whenever jYki=Xk j5iþ 1 for all i5‘: Let
us now choose y0k‘ 2 Yk‘: As in the choice of y
0
k1; we forbid the vertices in X
0
k
when choosing y0k‘ in order to avoid conﬂicts with the stars S
0
j with j5k:
However, we now have to forbid further vertices in order to avoid conﬂicts
with those leaves of the star S0k that are already determined, i.e. with y
0
k1;
. . . ; y0kð‘1Þ: So we have to forbid the at most ‘  1 vertices that send an edge
in E to y0ki for some i5‘ in order to satisfy condition (b). We call these
vertices the new vertices forbidden by condition (b). Moreover, to satisfy
condition (e), we may have to avoid even more vertices: if for some i5‘ and
j5k the vertex y0ki was either already a leaf of S
0
j or an endvertex of an edge
in E adjacent to S0j; then all leaves of S
0
j are now forbidden when choosing
y0k‘; and so are all those vertices that send an edge in E to a leaf of S
0
j:
However, note that for each such i5‘ we must have y0ki 2 Xk and thus
jYki=Xk j4i; i.e. Yki contains at least
jYkij  i5ðr  1Þ
2=6 r5r2=7
vertices from Xk : As the Yki are disjoint, (3) implies that the above situation
can occur for at most 7jXk j=r2415 indices i5‘: Moreover, since y0ki =2 X
0
k ; for
each such i there is exactly one index j5k such that y0ki is already a leaf of S
0
j
or sends an edge in E to S0j: Besides taking care of condition (f), this shows
that there are at most 15  2r additional vertices which are forbidden by
condition (e). So when choosing y0k‘ we have at most
jX 0k j þ ‘  1þ 30r4
ð4Þ
64r5jYk‘j
forbidden vertices in Yk‘ (using r5400). Let y0k‘ be a vertex in Yk‘ which is
not forbidden and which lies outside Xk if possible. Note that all forbidden
vertices in Yk‘ are contained in Xk except the new vertices forbidden by
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vertex exists). Thus if jYk‘ =Xk j5‘ þ 1 then there exists a vertex in Yk‘ =Xk
which is not forbidden and which we therefore can choose as y0k‘: This
completes the inductive deﬁnition of y0k1; . . . ; y
0
kr: These vertices are the
leaves of a star S0k in G
0 whose centre is x0k : Our choice of x
0
k and y
0
k1; . . . ; y
0
kr
implies that S00; . . . ; S
0
k satisfy conditions (a)–(g), which completes also the
induction step for the deﬁnition of the stars S0i :
Now consider the graph Gn obtained from G0½A[ B by contracting all
edges in E: Since the centre of each S0i lies in A and since A[ B contains all
neighbours of A in G0; it follows that S0i is an r-star in G
0½A[ B: Condition
(b) now implies that S0i is still an r-star in G
n: By conditions (a), (c) and (e)
two such stars have distinct centres and meet at most in one leaf. Moreover,
from condition (d) it follows that no vertex of Gn lies in more than two stars.
Since A; B and E are as described as in Lemma 9, the graph Gn is dc=3e-
connected. Thus by Theorem 8 the graph obtained from Gn by deleting the
centres of the S0i is ð
rþ1
2
Þ-linked. Therefore, we can join the leaves of the S0i by
disjoint paths to each other to obtain a subdivision of Krþ1 in Gn whose
branch vertices are the centres of the S0i : (Here each vertex which is a leaf of
two stars is already a trivial such path.)
As each such path P n joining two leaves of the S0i corresponds to a path P
0
in G0; this subdivision corresponds to a subdivision of Krþ1 in G0: Again, the
branch vertices are the centres of the S0i and each subdivided edge
corresponds to a path joining two leaves of distinct S0i ; S
0
j (this path is
trivial if S0i and S
0
j have a leaf in common). Condition (g) now implies that
the latter subdivision corresponds to one in G: Indeed, we only have to
replace each S0i with the subdivided star obtained from Si by adding an
vij  Tyij edge eij for all j ¼ 1; . . . ; r and replace each path P
0 joining a leaf y0is
of S0i to a leaf y
0
jt of S
0
j with some path in G which contracts to P
0 and joins
the endvertex of eis in Tyis to the endvertex of ejt in Tyjt : ]
At the expense of more involved calculations, the bounds on r in Theorem
2 and on the girth in Theorem 14 can be improved a little. However, we
believe that the primary question is whether the bound on the girth in
Theorem 2 can be reduced.
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